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A B S T R A C T

We study the peculiar motion of inertial solid particles across stratified turbulent/non-turbulent interfaces
(STNTI). Previous studies in quiescent stratified layers demonstrated that inertial particles slow down
substantially due to an additional force term related to the stratification. Here we report for the first time a
similar effect on inertial particles moving across a two-layer STNTI of finite thickness. This problem is addressed
both experimentally and numerically: we utilize the three-dimensional particle tracking velocimetry (3D-PTV)
in a index-matched STNTI experiment under an oscillating grid, and two direct numerical simulation (DNS)
cases of STNTI. The DNSs test the effects of different turbulent forcings on inertial spheres in the turbulent
layer and across STNTI and extends the parameter ranges of Reynolds and Froude numbers unfeasible in
the experiments. Turbulence is produced in the DNSs using a convective forcing (heat source at the domain
boundary) in one case, and a forcing that mimics a vertically oscillating grid in the other. The numerical
spheres are tracked, through one-way coupling approach, using a modified Basset–Boussinesq–Oseen equation
which includes a stratification-induced term. The stratification force is modelled as an additional buoyancy of
a caudal wake with varying density. This algorithm creates Lagrangian trajectories that resemble the motion
of inertial particles across stratified interfaces in quiescent and turbulent experiments. Furthermore, numerical
results for the STNTI cases help to distinguish the essential features observed in the experiments that are
caused by stratification from those that relate to turbulence–particle interactions.
1. Introduction

Settling of solid spheres through density interfaces is a fundamental
process in problems of dispersion, mixing and clustering in stratified
environments (Woods, 1995; Camassa et al., 2019; Ardekani et al.,
2017). The correct estimate of particles settling velocity in stratified en-
vironments is necessary to predict and quantify dispersion of pollutants
in the atmosphere (Turco et al., 1983), aggregation of plankton (Turco
et al., 1983; MacIntyre et al., 1995), transport of impurities in the
ocean’s thermocline (Camilli et al., 2010; Camassa et al., 2013).

It is well documented that particles moving across gradients of
fluid density have smaller settling velocity 𝑣∗ than in an equivalent
homogeneous density fluid (Yick et al., 2009; Candelier et al., 2014;
Mandel et al., 2020; Verso et al., 2019). In particular, when particles
cross an interfacial layer of finite thickness between two stratified
quiescent regions (the so-called ‘‘sharp’’ stratification case), they as-
sume a distinct behaviour, as observed in experimental (Srdić-Mitrović
et al., 1999; Mandel et al., 2020; Verso et al., 2019) and numerical
studies (Bayareh et al., 2013; Deepwell et al., 2021). After entering
into the stratified layer the particles slow down until they reach a
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minimum velocity 𝑣min, and in some specific conditions they may also
be subject to levitation effects (Abaid et al., 2004). The location of
𝑣min was experimentally observed to be close to the outer edge of the
interfacial layer (Srdić-Mitrović et al., 1999; Mandel et al., 2020; Verso
et al., 2019). After the point of minimal velocity, particles accelerate
converging to the terminal velocity of the second fluid layer. This
peculiar motion was observed in the range of 1 < 𝑅𝑒𝑖𝑛 < 60 and
2 < 𝐹𝑟𝑖𝑛 < 26 (Abaid et al., 2004; Srdić-Mitrović et al., 1999; Pierson
and Magnaudet, 2018; Verso et al., 2019). 𝑅𝑒𝑖𝑛 = 𝑣∗𝑖𝑛𝑎∕𝜈 and 𝐹𝑟𝑖𝑛 =
𝑣∗𝑖𝑛∕(𝑁𝑎) are the particle Reynolds and Froude numbers respectively.
The subscript ‘‘𝑖𝑛’’ refers to the initial fluid layer in which the particle
is released, 𝑎 is the particle diameter, 𝜈 the kinematic viscosity and
𝑁 =

(

2𝑔|𝜌𝑖𝑛 − 𝜌𝑓𝑖𝑛|∕(𝜌𝑖𝑛 + 𝜌𝑓𝑖𝑛)ℎ
)1∕2 the Brunt–Väisälä frequency, deter-

mined using density of the two layers and the thickness of the interface
ℎ.

This particular behaviour is commonly attributed to an additional
force, that has no relevant effect in homogeneous density layers. Here-
inafter we refer to it as the stratification force 𝐹𝑆 , which is a sup-
plemental term of the Basset–Boussinesq–Oseen equation whose main
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components are the drag, buoyancy, added mass, history forces (Geller
et al., 1986; Eames and Hunt, 1997; Srdić-Mitrović et al., 1999; Mag-
naudet and Mercier, 2020; Verso et al., 2019). The nature of 𝐹𝑆 has
een investigated using both linear stratification and sharp interfacial
ayers. Experimental studies and subsequent numerical models, have
ound that in linearly stratified fluids 𝐹𝑆 is well reproduced as a drag
erm (Yick et al., 2009; Candelier et al., 2014; Doostmohammadi et al.,
014; Zvirin and Chadwick, 1975). However, when applied to the sharp
nterfacial stratification, the additional drag models do not recreate
he slow-down effect correctly (Verso et al., 2019). Originating from
his discrepancy, an alternative description of 𝐹𝑆 is developed: it is
odelled as a buoyancy-induced term whose physical interpretation

ely on the interaction between the particle and the fluid that tends
o stick to it forming a wake (Verso et al., 2019).

There are several examples, such as the oceans and the atmo-
phere (Riley and Lelong, 2000), in which stratified fluids can interact
ith turbulence in the form of stratified turbulent/non-turbulent inter-

ace (STNTI) flows. Inertial particles then, may be affected by the fluid
otion while crossing the stratification. They indeed present, when
oving through a turbulent region, different dynamics depending on
ow strong their inertia is in relation to the fluid agitation. Three
istinct regimes can be identified using the parameter 𝜎 = 𝑈𝑠∕𝑣∗,
hat expresses how vigorous the flow is in respect to the particle
nertia (Stout et al., 1995), and it can be linked to the Rouse num-
er (Michallet and Mory, 2004; Dejoan and Monchaux, 2013) as 𝑅𝑜𝑢 =
∕𝜎. Being 𝑈𝑠 a velocity scale of the fluid. When 𝜎 ≪ 1, the particles
end to the ‘‘eddy crossing’’ regime, corresponding to heavy particles
alling in a weak turbulent motion: they pass through it with little to
o perturbation. The intermediate regime, 𝜎 ≈ 1, is called ‘‘preferential
weeping’’. These are particles with moderate inertia that tend to be re-
ulsed away from the turbulent eddies. This behaviour is often referred
o as ‘‘preferential concentration’’ to indicate that particles accumulate
nto specific fluid regions, namely the low vorticity areas (Squires and
aton, 1991). When 𝜎 ≫ 1, the spheres have little inertia, are largely
arried by turbulent eddies and they tend toward the ‘‘suspension’’ in
he turbulent flow.

The addition of non-trivial flow, and in particular turbulence, com-
licates the problem not only from a theoretical point of view (at the
NTI, for instance, takes place the turbulent entrainment mechanism)
ut also from the technical one. Due to the high complexity of the
ystem (i.e. coupling the Lagrangian particles and the Eulerian flow
ield), experiments usually focus on particles settling in quiescent flows
nly.

The aim of this study is to investigate the interaction of inertial par-
icles with stratification and turbulence in STNTI flows, with particular
ttention whether their distinctive dynamics in sharp stratified layers
ndergoes through changes caused by the fluid agitation.

We then develop a two-layer stably stratified experimental system
ith turbulence generated by an oscillating grid and enforced mass

onservation using multiple pumps (Verso et al., 2017). With this
etup we could obtain an index-matched, steady-state, long time stable
TNTI across which a sufficient amount of Lagrangian trajectories
ere retrieved using the three-dimensional particle tracking velocime-

ry (3D-PTV) (Verso, 2020; Shnapp et al., 2019). Unfortunately, the
arameter range of the experiments is limited, and we could not re-
rieve the flow properties simultaneously with the Lagrangian particles
cquisition with the 3D-PTV. Therefore, not all contributions of each
orce component on the particle could be extracted directly (Traugott
t al., 2011; Meller and Liberzon, 2016).

To obtain information about the flow and to extend the parameters
ange, both in terms of particles and accessible flow cases, we relied
n a numerical approach. Two direct numerical simulations (DNS) of
STNTI flow are implemented: in the first one turbulence is generated
y a convective forcing through a boundary buoyancy flux, while in the
econd one using a mechanical forcing (Boetti et al., 2021), analogous
2

o a vertically oscillating grid (Verso et al., 2017, 2019). To model the c
agrangian particles with a one-way coupling approach (Elghobashi,
991), we utilize a ordinary differential equation (ODE) system based
n state-of-the-art numerical Lagrangian tracker (Lange and van Se-
ille, 2017) with a modified equation of motion. We introduce a new
henomenological formulation for the 𝐹𝑆 term, that is validated with
xperimental results in quiescent stratified flow (Srdić-Mitrović et al.,
999; Verso et al., 2019), resolving the limitations of the previous
arametric model (Verso et al., 2019). Even though a direct comparison
ith the STNTI experiments is not feasible because of the structural
ifferences between the DNS and the experimental flow setup, numeri-
al inertial particles present common features with the results from the
xperiments, strengthening the model reliability and providing insights
n the behaviour of particles settling through STNTIs.

. Methods and materials

.1. Experiments

The experimental setup and the measurements have been discussed
n details in Verso et al. (2017, 2019), Verso (2020), and are presented
ere briefly for the sake of clarity.

We measured Lagrangian trajectories of settling and rising particles
raversing a STNTI of thickness ℎ ≈ 7.5 mm (ℎ∕𝑎 ∼ 10) using a

refractive index matched water–salt–ethanol solution. The experiments
were carried out in a glass tank with a 200 × 200 mm2 cross-section and
a depth of 300 mm (Verso et al., 2017), shown schematically in Fig. 1a.
The aqueous mixture of ethanol of density 𝜌1 = 995 kg m−3 is on top of
the denser saline solution of Epsom salts and water of density 𝜌2 = 1020
g m−3, creating a stable stratification with discontinuity at depth of

𝑧1 ≈ 138 mm below the free surface. The fluid is agitated mechanically
y a vertically oscillating grid with a fixed frequency 𝑓 = 4 Hz and a
troke length 𝑠 = 20 mm. The oscillating grid of size 190 mm2, with
quare bars of 5 mm, mesh size 𝑀 = 25 mm and solidity of 38%, is
ocated at a position 𝑧𝑔0 = 65 mm from the free surface level. Two
dditional pumps supply volumetric flow rates of 40 ml/min to the
ottom and top layers to preserve constant depth and density.

Prior to the Lagrangian experiments with the particles, we measured
he turbulent flow field under the oscillating grid using the particle
mage velocimetry (PIV). A snapshot of the average vertical flow field is
resented in Fig. 1b providing a qualitative overview of the motion gen-
rated in the tank. Due to the impossibility to overlap the two optical
echniques, 3D-PTV and PIV, the Eulerian velocity field measurements
ere not collected simultaneously with the Lagrangian tracking of
articles, preventing a direct analysis of the particle–fluid interaction.
evertheless, PIV measurements provide general knowledge of the
ackground turbulent flow characteristics. The Taylor Reynolds num-
er in the turbulent region is estimated using the model of Long for
scillating grids (Long, 1978; Verso et al., 2017) 𝑅𝑒𝜆 =

√

2𝑘∕3𝜆∕𝜈 ≈
√

15𝐾𝑔∕𝜈 = 58, being 𝑘 = 1∕2(𝑢′2 + 𝑣′2 + 𝑤′2) the turbulent kinetic
energy, 𝜆 the Taylor lengthscale and 𝐾𝑔 = 𝑢′𝑅𝑀𝑆 |𝑧 − 𝑧𝑔0 | the grid-
ction parameter that depends on the distance from the grid |𝑧 − 𝑧𝑔0 |
nd the root mean square (RMS) of the horizontal velocity fluctuations
′
𝑅𝑀𝑆 . The Schmidt number of the two fluid regions is 𝑆𝑐1 = 𝜈1∕𝐷1 ≈
880 for the top turbulent layer and 𝑆𝑐2 = 𝜈2∕𝐷2 ≈ 1660 for the
ottom layer, being 𝜈 and 𝐷 the kinematic viscosity and mass diffusivity
f each region. The bulk Richardson number is estimated as 𝑅𝑖 =
𝛥𝑏𝐿)∕𝑢′𝑅𝑀𝑆

2 = 100, being 𝛥𝑏 the buoyancy difference between the two
ayers.

Four different types of inertial solid particles, named 𝑃1 − 𝑃4 are
sed in the experiments. They are manufactured in polystyrene (𝑃1,
2 and 𝑃3) and soda-lime glass (𝑃4), with a spanning range of both
iameter and density, the exact specifics are reported in Verso et al.
2019). In addition to these, the data from Srdić-Mitrović et al. (1999)
sed in the present work is marked with 𝑃𝐹 . The particles, whose main
hysical characteristics are reported in Table 2, were released in the

entre of the tank in the area marked with PTV in Fig. 1b. For the
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Fig. 1. (a) Sketch of the oscillating grid experimental system of Verso et al. (2017) with marked 3D-PTV measurement region (red area). (b) Measured mean velocity field of the
oscillating grid experiment (with PIV and PTV measurement areas marked) and (c) mean vertical velocity field of the DNS of the grid flow. Note that: 𝑥𝑒𝑥𝑝 ≈ 4∕3𝑥𝐺 , 𝑧𝑒𝑥𝑝 ≈ 𝑧𝐺 .
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 2. (a) Sketch of the convective turbulence setup studied in Boetti et al. (2021).
(b) Mean vertical velocity field of the DNS of the convective turbulence. Note that:
𝑥𝐶 = 4𝑥𝐺 ≈ 3𝑥𝑒𝑥𝑝, 𝑧𝐶 = 2𝑧𝐺 ≈ 2𝑧𝑒𝑥𝑝.

Lagrangian measurements, we use the 3D-PTV with the OpenPTV open
source software to obtain the particle Lagrangian trajectories (Shnapp
et al., 2019; OpenPTV consortium, 2014) and the observation control
volume measures 20 × 20 × 50 mm3, Fig. 1a–b.

2.2. Direct Numerical Simulations (DNS)

The DNSs are performed using SPARKLE code (van Reeuwijk et al.,
2008a,b), which integrates the incompressible Navier–Stokes equations
with the Boussinesq approximation. The system of equations, compris-
ing of linear momentum, mass conservation, and buoyancy diffusion
with the condition of incompressible flow, are reported as follows:

𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= − 1
𝜌0

𝜕𝑝
𝜕𝑥𝑖

+ 𝜈
𝜕2𝑢𝑖
𝜕𝑥2𝑗

+ 𝑏𝛿𝑖3 (1)

𝜕𝑏
𝜕𝑡

+ 𝑢𝑗
𝜕𝑏
𝜕𝑥𝑗

= 𝜅 𝜕2𝑏
𝜕𝑥2𝑗

(2)

𝜕𝑢𝑖
𝜕𝑥𝑖

= 0 (3)

where 𝑢𝑖 (with 𝑖, 𝑗 = 1, 2, 3 representing respectively the horizontal
directions 𝑥, 𝑦 and the vertical direction 𝑧) is the velocity vector, 𝑏 =
𝑔(𝜌0 − 𝜌)∕𝜌0 is the buoyancy, 𝜈 is the kinematic viscosity and 𝜅 the
thermal diffusivity (the Prandtl number is set to 𝑃𝑟 = 𝜈∕𝜅 = 1.25
throughout the domain), 𝑔 is the gravitational acceleration and 𝜌0 is
a reference density.

The code is fully parallelized, making use of the domain decomposi-
tion in two directions. The spatial differential operators are discretized
using second-order symmetry preserving central difference (Verstap-
pen and Veldman, 2003) and time integration is carried out with an
adaptive second-order Adams–Bashforth method (van Reeuwijk et al.,
2008a). Periodic boundary conditions are applied to the lateral walls
3

and free-slip conditions to the upper and bottom boundaries of the
domain. At the initial instant 𝑡 = 0, the fluid is quiescent, thus the setup
is a two-layer stratification with its interface at the domain middle
position 𝑧 = 𝐿∕2. We set 𝜌0 as the density of the bottom layer, which
implies that 𝑏 = 0 in the bottom half and 𝑏 > 0 in the upper half.

Two different DNS flows (Boetti et al., 2021) are used to track
numerical particles whose parameters are set to develop a well-mixed
turbulent layer up to the initial buoyancy discontinuity.

The first one is a grid-generated turbulent flow (case G) in a
cuboidal domain of size 𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 = 𝐿∕2 × 𝐿∕2 × 𝐿, with a
360 × 360 × 720 mesh. The oscillating grid is implemented using a
standard immersed boundary method, with the grid position of the
form:

𝑧g(𝑡) = 𝑧𝑔0 +
𝑠
2
sin(2𝜋𝑓𝑡) (4)

𝑧𝑔0 = 2∕3𝐿 from the bottom of the domain and its velocity 𝐮𝑔𝑟𝑖𝑑 =
(0, 0, 𝑑𝑧g∕𝑑𝑡) is imposed to the domain in the region occupied by the
grid. The incompressibility of the fluid is preserved by calling the
Poisson solver for pressure right after the computation of 𝑧g(𝑡) and
𝐮𝑔𝑟𝑖𝑑 . Other key parameters of the oscillating grid are the stroke length
𝑠∕𝐿 = 0.07, and the dimensionless oscillation frequency 𝑓𝑡∗ = 42, being
𝑡∗ = 𝑙∕𝑢′𝑅𝑀𝑆 the turnover time, 𝑢′𝑅𝑀𝑆 the RMS of horizontal velocity
fluctuations, and 𝑙 the integral lengthscale. The square grid bars have
thickness and mesh size of 0.016𝐿 and 0.06𝐿 respectively. Since the
fluid velocity in the region above 𝑧 > 𝑧𝑔0 − 𝑠∕2 (≈ 1.5ℎ+ 𝑧𝐼 ) is directly
affected by the oscillating grid motion, the corresponding volume is
excluded from the analysis in the following sections. The resulting flow
is shown in Fig. 1c with a snapshot of the vertical velocity field.

The second DNS, whose sketch is reported in Fig. 2a, is a convective
flow (case C) simulated with a constant vertical heat flux 𝑞𝑤 = −𝜅𝜕𝜃∕𝜕𝑧
applied at the bottom boundary, being 𝛽 the thermal expansion co-
efficient and 𝜃 the temperature. The three-dimensional volume has
𝐿𝑥 × 𝐿𝑦 × 𝐿𝑧 = 2𝐿 × 2𝐿 × 𝐿 size, with a computational resolution of
𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 = 720 × 720 × 360 nodes. Similarly to G, this case also
develops a fully mixed region between the turbulence source at the
boundary and the initial density jump at 𝐿𝑧 = 𝐿∕2 as evident in the
vertical velocity snapshot reported in Fig. 2b.

Despite the similarities, the two DNSs present an important differ-
ence in their turbulent forcing mechanisms: case C produces turbulence
via the buoyancy flux over the entire mixed layer (ML), while for the
grid case G, the turbulence is generated at the grid location and then
transported through the ML (Boetti et al., 2021). The consequence
of this difference is that the turbulence intensity of the ML in C is
roughly constant throughout the whole layer, while case G presents a
rapid decay of turbulence intensity right below the region of the direct
agitation by the oscillating grid.

All the metric of the DNSs (as well as the Lagrangian tracking results
in Section 4) are computed after the ML is fully developed and the
system has reached a quasistationary condition. Details of G and C are
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Table 1
The DNS cases main features and metrics.

𝑁𝑥 𝑁𝑦 𝑁𝑧 𝐿𝑥 𝐿𝑦 𝐿𝑧∕𝐿3 𝑃𝑟 𝑅𝑒𝜆 𝑅𝑖 𝑅𝑎 𝛥𝐿∕𝜂

C 7202 × 360 22 × 1 1.25 44 240 1.3 108 0.91
G 3602 × 720 0.52 × 1 1.25 35 30 1.8 108 2.2

Table 2
Properties of particles. 𝑃1, 𝑃2, 𝑃3, 𝑃4 and 𝑃𝐹 : quiescent and TNT experimental fluid
flow. Numerical particles released in stratified TNT flows: 𝑃1𝑡, 𝑃2𝑡, 𝑃3𝑡 (case C); 𝑃4𝑡,
𝑃5𝑡, 𝑃6𝑡 (case G). For experimental particles density, Froude and Reynolds numbers
correspond to 𝜌 ≡ 𝜌2, 𝑅𝑒 ≡ 𝑅𝑒2, 𝐹𝑟 ≡ 𝐹𝑟2 the bottom layer values in the quiescent
flow. Simulations: 𝜌 ≡ 𝜌∗, 𝑅𝑒 ≡ 𝑅𝑒∗, 𝐹𝑟 ≡ 𝐹𝑟∗ are the values in the quiescent layer for
the TNTI flows. ⟨𝜎⟩ reports the mean value in the turbulent layer.

𝑃1 𝑃2 𝑃3 𝑃4 𝑃𝐹 𝑃1𝑡 𝑃2𝑡 𝑃3𝑡 𝑃4𝑡 𝑃5𝑡 𝑃6𝑡

⟨ℎ⟩∕𝑎 14.5 28.7 16.4 16.9 15.9 20.4 27.8 15.6 27.0 10.1 10.1
𝜌𝑝∕𝜌 1.03 1.19 2.42 0.93 1.01 1.15 3.04 0.76 0.71 0.38 1.43
𝑅𝑒 6.5 6.0 84.2 9.6 1.3 13.8 81.6 19.2 21.6 212 168
𝐹𝑟 1.3 4.8 22.3 2.8 0.5 3.8 22.2 4.5 5.2 8.1 6.3
⟨𝜎⟩ 0.32 0.36 0.042 1.16 – 1.8 0.17 0.58 1.4 0.35 0.44

summarized in Table 1: 𝑁𝑖=𝑥,𝑦,𝑧 and 𝐿𝑖=𝑥,𝑦,𝑧 represent the computational
and physical domain sizes respectively. The Taylor microscale Reynolds
number, 𝑅𝑒𝜆 =

√

2𝑘∕3𝜆∕𝜈, is computed into the mixed layer at (𝑧 −
𝑧𝐼 )∕ℎ ≈ 1.5. We report the bulk Richardson and Rayleigh numbers as
𝑅𝑖 = 𝛥𝑏𝐿∕2𝑘 and 𝑅𝑎 = 𝛥𝑏𝐿3∕8𝜈𝜅 to estimate of the strength of the
stratification and convection in the DNSs. In addition to these measures,
the Nusselt number for case C is assessed as 𝑁𝑢 = 2𝑞𝑤∕𝛥𝜃𝜅𝐿 = 9.5 102.
Table 1 reports also the maximum ratio between computational domain
mesh size 𝛥𝐿 and the Kolmogorov lengthscale 𝜂 at (𝑧 − 𝑧𝐼 )∕ℎ ≈ 1.5,
indicating that the grid resolution is small enough to capture small
scales in both cases C and G.

We track Lagrangian particles with a one-way coupling approach
(Elghobashi, 1991), using the 3D snapshots retrieved from the turbulent
flows simulated with SPARKLE, integrating the equation of motion
described in Section 3, using a customized code based on the open
source Lagrangian simulator PARCELS (GitHub repository, web-site
page) (Lange and van Sebille, 2017; McAdam and van Sebille, 2018).

3. The model

The motion of spherical particles in the homogeneous density layer
is well described by Maxey and Riley (1983). In the parameters space
of Verso et al. (2019), both the added mass and history forces are
negligible, then the equation of motion is simplified as:

𝑚𝑝
𝑑𝐯
𝑑𝑡

= 𝐅𝐵 + 𝐅𝐷 + 𝐅𝑆 (5)

The buoyancy force is defined as 𝐅𝐵 = (𝜌𝑝−𝜌𝑓 )𝑉𝑝𝐠, where 𝜌𝑝, 𝜌𝑓 and 𝑉𝑝
are respectively the particle density, the fluid density (sampled at the
particle position), and the particle volume expressed as 𝑉𝑝 = 𝜋𝑎3∕6. The
viscous drag force is defined as 𝐅𝐷 = 1

2𝐶𝐷𝜌𝑓𝐴𝑝|𝐯𝑟𝑒𝑙|𝐯𝑟𝑒𝑙, where 𝐯𝑟𝑒𝑙 =
𝐯 − 𝐮𝑓 is the relative velocity between the particle and the fluid, 𝐴𝑝 =
𝑎2∕4 is the particle projected area. The drag coefficient included in 𝐅𝐷

s based on the non-linear model 𝐶𝐷 = 0.4+24∕𝑅𝑒+6∕(1+𝑅𝑒1∕2) (White,
006). 𝐅𝑆 is the additional term associated with stratification that is
escribed in Section 3.1. The evolution of the components of Eq. (5)
hrough a stratified quiescent flow for particle type 𝑃1 is reported in
ig. 3a.

.1. The stratification force

The stratification force model is developed using (Verso et al., 2019)
s benchmark: the algorithm is improved making it more flexible,
educing the number of input parameters and the constraining factors
hat would limit its use in cases different from the ones presented
n Verso et al. (2019).
4

We first reduce the use of general flow parameters substituting them
ith local ones. Hence the relevance of knowing ’a priori’ variables

n the second layer while integrating the ODE system greatly dimin-
shes. The expression of 𝐹𝑆 is modified too: the dependency on the
ensity interface ℎ (which is needed as input parameter in Verso et al.
2019)) is eliminated. Then 𝐹𝑆 behaviour does not rely on conditional
tatements, as showed in the inset of Fig. 3a. In the current model the
tratification force is in fact a continuous function that acts with a more
irect effect from the local flow conditions, affecting the particles not
nly within the large scale discontinuity ℎ but also from local gradients
n the density field, such as the plumes and eddies in STNTI flows.

𝐅𝑆 is then interpreted as an additional buoyancy contribution to the
article equation of motion by a fluid wake of constant volume that
emains attached to the particle and continuously exchanges fluid with
he surroundings:

𝑆 = (𝜌cw − 𝜌𝑓 )𝑉cw 𝐠 (6)

here 𝑉cw, 𝜌cw are respectively the caudal wake volume and its density.
he caudal volume dragged by the particles was found empirically

n Verso et al. (2019) as 𝑉cw = 0.13𝑉𝑝𝐹𝑟3∕4𝑖𝑛 . The density of the wake
𝑐𝑤, whose temporal evolution is showed in Fig. 3b, is modelled in
ifferential form as:
𝑑𝜌cw
𝑑𝑡

=
𝜌𝑓 (𝑡 − 𝜏cross) − 𝜌cw

𝜏rec
(7)

where 𝜏cross and 𝜏rec are respectively the crossing and the recovery
times.

𝜏cross represents the temporal interval between the entrance into
the interfacial layer and the exit from it. The crossing time is strongly
correlated to the time 𝜏𝑚𝑖𝑛 when minimal velocity is reached, even
though some discrepancies between the two may be present, as dis-
cussed in Verso et al. (2019). Then 𝜏𝑐𝑟𝑜𝑠𝑠 is computed using Eq. (8) as
proposed by Srdić-Mitrović et al. (1999) to define 𝜏𝑚𝑖𝑛:

𝜏cross ≈ 𝜏min = 𝛽𝑅𝑒𝑚𝑖𝑛 𝑎2∕𝜈𝑖𝑛 (8)

where 𝛽 = 140 and 𝑚 = −1.7 are empirical constants (Srdić-Mitrović
et al., 1999).

The recovery time was first formulated empirically by Verso et al.
(2019) as the time needed by the particle to recover its terminal
velocity in the second layer after it reached the minimal velocity
(or equivalently, the time 𝐹𝑆 takes to dissipate once the particle has
exited the stratified interface). In its original formulation in Verso
et al. (2019), 𝜏𝑟𝑒𝑐 was expressed as function of the second fluid layer
properties, as: 𝜏rec ≈ 13𝑅𝑒−1𝑓𝑖𝑛 𝑎

2∕𝜈𝑓𝑖𝑛. In this study 𝜏rec is modified using
local variables, as already mentioned, being 𝑅𝑒 ≡ 𝑅𝑒(𝑣(𝐱𝑝(𝑡)), 𝜈(𝐱𝑝(𝑡))),
𝜈 ≡ 𝜈(𝐱𝑝(𝑡)), with 𝑣 the vertical component of the particle velocity 𝐯
(being 𝑣 = 𝐯 ⋅ 𝐳̂):

𝜏rec = 13𝑅𝑒−1 𝑎2∕𝜈 = 13𝑎∕𝑣 (9)

𝜏𝑟𝑒𝑐 is then related to the fluid flow rate inside the wake as 𝑉𝑐𝑤∕𝑣𝐴𝑝 ∼
𝑎∕𝑣 ∝ 𝜏𝑟𝑒𝑐 .

3.2. Particles motion in quiescent stratified fluid

In order to validate the new algorithm, we now present a compar-
ison between experimental and numerical results of particles moving
across a two-layer stratified quiescent fluid with an interface thickness
ℎ∕𝑎 ∼ 10.

Particles of family 𝑃1, 𝑃3, 𝑃4, 𝑃𝐹 (Verso et al., 2019), whose prop-
erties are reported in Table 2, are used as reference. In Fig. 4 we show
the mean vertical velocity of the experiments, the results of the 𝐹𝑆
model developed in Verso et al. (2019) (VVL19 model), and finally
the outputs of the current model, discussed in Section 3.1. The velocity
profiles are normalized using the terminal velocity of the initial layer
in which the spheres are released. Results are shown as function of

the vertical coordinate (𝑧 − 𝑧𝐼 )∕ℎ, being the interface upper and lower
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Fig. 3. Force components for the 𝑃1 type: (a) vertical profiles of buoyancy 𝐹𝐵 , drag 𝐹𝐷 (vertical component), stratification 𝐹𝑆 forces. Inset: 𝐹𝑆 vertical profile computed with the
present study algorithm (red) and Verso et al. (2019) (black) ; (b) temporal evolution of fluid density 𝜌𝑓 at the particle position and caudal wake density 𝜌𝑐𝑤. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Vertical velocity profiles of particles (a) 𝑃1, (b) 𝑃3, (c) 𝑃4, (d) 𝑃𝐹 . The mean velocity values (green dots) of experiments are compared with two different models:
VVL19 (Verso et al., 2019) (red dashed line), current algorithm (blue line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
boundaries coincident with 𝑧−𝑧𝐼 = 0 and 𝑧−𝑧𝐼 = ℎ respectively (Verso
et al., 2019). We reconstructed for the two algorithms the density
and viscosity vertical profiles of the experiments as hyperbolic tangent
functions (𝑓 (𝑧) ∝ (1 − tanh 𝑧)), as in Verso et al. (2019).

The new algorithm reproduces the experimental observations with
good agreement and reduces the discrepancy between the experiments
and the previously modelled results in terms of the minimum velocity
magnitude. The location of the minimum velocity 𝑣min predicted by
the new algorithm occurs respectively for 𝑃1, 𝑃4, 𝑃𝐹 at (𝑧 − 𝑧𝐼 )∕ℎ =
[1.28, 1.14, 1.01, i.e. slightly after the exit from the interfacial layer.

Preliminary tests of the new model in linear stratified quiescent flow
are also presented in Appendix, along with a qualitative comparison
with two drag-based algorithms (Yick et al., 2009; Doostmohammadi
et al., 2014). The profiles of 𝐹𝑆 and 𝑣 produced by the three algorithms
are actually similar once our model adjusts to the surrounding fluid and
forgets the initial conditions.

4. Results

This section reports the results of particles moving across a two-
layer stratified TNTI flow. We first show the experimental results and
then the outcome of the numerical model in the DNS STNTI flows.

Despite the similarities between the simulations and the experi-
mental flows, a direct comparison is not appropriate because of the
intrinsic differences between the two approaches. The main one is that
the DNSs have periodic conditions on the lateral boundary while the
experimental setup is enclosed by lateral walls. Hence the experimental
flow presents a large scale circulation due to these walls. In addition
to this, the numerical particles are modelled as spheres while the
experimental ones are more variable in shape and size (Verso et al.,
2019), making it impossible to create a numerical particle identical to
the real one.
5

4.1. Experimental particles crossing STNTI

The experimental measurements of the Lagrangian particles crossing
the STNTI are now presented. The particles, see Table 2, are released
at the centre of the tank where the PTV measurement area is set, as
mentioned in Section 2.1. They fall (𝑃1 and 𝑃2) or rise (𝑃4) through the
interface encountering a flow field with the specific pattern produced
by the grid and the effect of the tank confinement.

The vertical velocity profiles, normalized by 𝑣∗ similarly to Sec-
tion 3.2, are reported in Fig. 5. Note that hereinafter the vertical axis
(𝑧 − 𝑧𝐼 )∕ℎ is set such that the quiescent layer corresponds to negative
values and the turbulent one to (𝑧 − 𝑧𝐼 )∕ℎ > 1 respectively. The
results clearly indicate that, in the parameters (𝑅𝑒, 𝐹𝑟, ℎ∕𝑎) range
investigated in the current work, the stratification force occurs and
impacts significantly the dynamics of the particle motion in TNTI flow.
All the particle types, when entering into the interface layer decelerate
considerably till a minimum vertical velocity 𝑣𝑚𝑖𝑛, and after the slow
down, the particles accelerate in the second layer.

In Fig. 5a–b are presented the velocity profiles of 𝑃1 and 𝑃2 types
respectively. These particles are released in the turbulent upper layer,
then they cross the TNTI and settle into the quiescent layer. The
analysis of the vertical velocity of particles in Fig. 5a reveals that 𝑃1
have altered mean settling velocity in the turbulent layer. In fact, these
particles present a reduced value of the terminal velocity in respect
to their steady state mean velocity in the still fluid (with similar fluid
density). It can be seen in Fig. 5b that due to their size and density,
the spheres of type 𝑃2 have comparable values of the settling velocity
in both layers, in agreement with the results of Verso et al. (2019) in
quiescent flow. Their slow down is relatively small if compared to the
other particle types, being 𝑣𝑚𝑖𝑛∕𝑣∗ ∼ 0.9. Eventually, the oscillations in
the mean velocity profile and the appearance of local minima inside
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Fig. 5. Experimental vertical velocity profile for particles 𝑃1 (a), 𝑃2 (b), and 𝑃4 (c) types as function of the distance from the interface. The profiles are normalized by the settling
velocity of the quiescent region 𝑣∗. Particles velocities are reported as light grey, the mean velocity and standard deviation are marked respectively as bold and dashed lines. Dots
mark the minimum velocity. Arrows indicate the direction of the motion.
the interface, are likely caused by the lower signal-to-noise ratio in the
experimental data.

Fig. 5c reports the vertical velocity of type 𝑃4, they are initially
released into the quiescent bottom layer and move upward toward the
turbulent one. These particles as well present the slow down due to the
stratification and the minimal velocity near the exit of the interfacial
region. Then 𝑃4 accelerate into the turbulent layer and their mean
vertical velocity increases significantly. This effect is due not only to
buoyancy, but also to the fluid motion, being 𝑣(𝑧 − 𝑧𝐼 ≈ 4ℎ) > 𝑣∗.
While in the quiescent flow case the spheres of type 𝑃4 reach constant
terminal velocity in the upper layer at 𝑧 − 𝑧𝑖 ≈ 2ℎ, as showed in
Fig. 4, in the turbulent flow that the same type of particles continues to
accelerate toward the oscillating grid. An additional difference between
the settling of 𝑃4 in the quiescent flow and in the turbulent one consists
in the magnitude of the minimal velocity. In the latter case 𝑣𝑚𝑖𝑛 ≈ 0.4𝑣∗,
that is twice larger than in the experiment without turbulence.

The discrepancies in terminal velocities between the current os-
cillating grid experiment and the still case presented in Verso et al.
(2019), for both 𝑃1 and 𝑃4, strongly suggest that turbulence might affect
the dynamics of the particle moving through stratified TNTIs.

4.2. Numerical particles crossing DNS STNTI

In this section is reported the motion of the numerical Lagrangian
particles across DNS STNTI flows using the new stratification 𝐹𝑆 model.

Every run included 400 spherical particles, see Table 2, randomly
generated on a horizontal surface 𝑥 − 𝑦, at a fixed height. Three runs,
𝑃1𝑡, 𝑃2𝑡, 𝑃3𝑡, were performed for the DNS case C. Particles of type 𝑃1𝑡
and 𝑃2𝑡 were released into the quiescent region and settle into the
turbulent layer, while 𝑃3𝑡 type was released in the turbulent layer and
rose toward the quiescent zone. Other three runs were performed for
DNS case G: 𝑃4𝑡, 𝑃5𝑡, 𝑃6𝑡. Particles of type 𝑃4𝑡 and 𝑃5𝑡 were released
into the quiescent region while 𝑃6𝑡 moved from the turbulent to the
quiescent one.

The vertical velocity profiles for each sphere type are shown in
Fig. 6.

The influence of the flow on the particle is measured using the
parameter 𝜎 = 𝑈𝑠∕𝑣∗, reported in Table 2, with 𝑈𝑠 ≡

√

𝑘. Because some
of the particles species lack of a terminal velocity into the turbulent
layer, 𝜎 is computed using the settling velocity 𝑣∗ that may result in a
underestimation of the 𝜎 value for 𝑃1𝑡, 𝑃2𝑡, 𝑃4𝑡, 𝑃5𝑡.

For both spheres 𝑃1𝑡 and 𝑃4𝑡, ⟨𝜎⟩ ≥ 1 indicates that the motion is
significantly influenced by the turbulent flow. On the other hand, ⟨𝜎⟩ <
1 for 𝑃2𝑡 and 𝑃5𝑡, therefore these particle types are less sensitive to the
surrounding turbulent flow. Further information can be obtained from
the Stokes number 𝑆𝑡 = 𝑡𝑝∕𝑡𝑓 , being 𝑡𝑝 = |𝜌𝑝 − 𝜌𝑓 |(𝑎∕2)2∕18𝜇 and 𝑡𝑓 the
particle relaxation time and the flow characteristic time respectively.
A qualitative comparison between the Stokes number of 𝑃 and 𝑃 for
6

1𝑡 2𝑡
DNS case C, and 𝑃4𝑡 and 𝑃5𝑡 for case G, shows the different influence
the particles undergo through the flow: 𝑆𝑡2𝑡∕𝑆𝑡1𝑡 = 27, 𝑆𝑡5𝑡∕𝑆𝑡4𝑡 = 17.

We observed that the spheres of type 𝑃1𝑡 and 𝑃4𝑡, Fig. 6a–b re-
spectively, reach the minimal velocity inside the interface, while for
𝑃2𝑡 and 𝑃5𝑡 the location of 𝑣min, similarly to the quiescent flow case,
occurs after the exit of the interface, 𝑧 − 𝑧𝐼 ≈ ⟨ℎ⟩. The shift of the
minimal velocity position for 𝑃1𝑡 and 𝑃4𝑡, might be caused by the action
of the fluid motion overcoming the influence of the stratification. To
support this hypothesis, we reported in Fig. 6, for each particle type, the
vertical velocity 𝑣𝑞 in the quiescent stratified fluid but with the same
density profile sampled by ⟨𝑣⟩. Both types 𝑃1𝑡 and 𝑃4𝑡 actually present
a discrepancy in the 𝑣min location between the turbulent flow and the
quiescent case. On the contrary, 𝑃2𝑡 and 𝑃5𝑡 show similar location of
minimum velocity in both turbulent and quiescent flow cases.

Fig. 6e–f report the vertical velocity of spheres released into the
turbulent region. The initial values of the parameters 𝜏𝑐𝑟𝑜𝑠𝑠 and 𝑉𝑐𝑤
are taken from the particles stationary conditions in a quiescent layer
(i.e. 0 = 𝐅𝐵 + 𝐅𝐷). Although this introduces uncertainty in the results,
after a relatively short initial adjustment (it takes 𝛥𝑧 ≈ 0.1⟨ℎ⟩ to
𝑃3𝑡 and 𝛥𝑧 ≈ 0.2⟨ℎ⟩ to 𝑃6𝑡), 𝑃3𝑡, 𝑃6𝑡 reach a quasi-constant value of
vertical velocity. Indeed, the particles show the well-known behaviour,
experiencing the slow down in the stratified layer and reporting the
minimum velocity in the proximity of the exit from the interface.

The velocity profiles of 𝑃1𝑡 and 𝑃4𝑡, showed in Fig. 6a–b, present in
addition to the 𝑣𝑚𝑖𝑛 location, another difference between 𝑣𝑞 and ⟨𝑣⟩:
the latter is larger throughout the turbulent region than the velocity
retrieved in the quiescent flow, as already mentioned for 𝑃4 in Fig. 5c
and observed in Wang and Maxey (1993). It may be related to the
onset of preferential sweeping of 𝑃1𝑡 and 𝑃4𝑡 when they approach the
turbulent layer: these particles would travel within fluid that moves in
the same direction of their settling. Therefore, the stratification-related
slow down would be mitigated already into the interfacial region,
and once the spheres enter the fully turbulent layer, they continue to
accelerate with no evidence of reaching their terminal velocity, as clear
in Fig. 6b.

To support this reasoning, we present in Fig. 7 the probability
density functions (PDF) of the fluid velocity 𝑢𝑓 inside the turbulent
region: 1.5 < (𝑧 − 𝑧𝐼 )∕⟨ℎ⟩ < 2 for case C and 1.25 < (𝑧 − 𝑧𝐼 )∕⟨ℎ⟩ < 1.5
for G. The distributions are computed using different subsets: the first
one reports the values of 𝑢𝑓 throughout the whole DNS sub-domain
(marked as 𝑢𝑓𝑡𝑜𝑡 in Fig. 7), the second PDF represents the fluid velocity
at the particle position (𝑢𝑓 (𝐱𝑝)) and lastly we show the PDF of fluid
velocity sampled by particles moving in their initial settling direction
(𝑢𝑓 (𝑣∕𝑣∗ > 0)).

Particles 𝑃1𝑡 are reported in Fig. 7a: the PDFs show that the flow
with opposite direction than the particles, 𝑢𝑓∕𝑣∗ < 0, is proportionally
more frequent in the domain (𝑢𝑓𝑡𝑜𝑡 ) than being found by 𝑃1𝑡 (𝑢𝑓 (𝑥𝑝)).
Hence 𝑃 encounter more often parcels of fluid with the same velocity
1𝑡
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Fig. 6. Normalized vertical velocity as function of the distance from the interface in DNS convective flow C (left column) and DNS oscillating grid G (right column): (a) 𝑃𝑡1, (c)
𝑃𝑡2, (e) 𝑃𝑡3, (b) 𝑃𝑡4, (d) 𝑃𝑡5, (f) 𝑃𝑡6. Grey lines represent the velocity of each particle, dotted lines represent the standard deviation. White dot marks the minimum velocity. Black
curves show the respective quiescent velocity profile. The arrow indicates the direction of the spheres motion.
Fig. 7. PDF of flow vertical velocity inside the turbulent layer: (a) 𝑃1𝑡 in: 𝑧 − 𝑧𝐼 ∈ [1.5, 2]⟨ℎ⟩; (b) 𝑃4𝑡 in: 𝑧 − 𝑧𝐼 ∈ [1.25, 1.5]⟨ℎ⟩; (c) 𝑃2𝑡 in: 𝑧 − 𝑧𝐼 ∈ [1.5, 2]⟨ℎ⟩; (d) 𝑃5𝑡 in:
𝑧− 𝑧𝐼 ∈ [1.25, 1.5]⟨ℎ⟩. 𝑢𝑓𝑡𝑜𝑡 (blue) shows the velocity retrieved from the DNS; 𝑢𝑓 (𝐱𝑝) (red) the fluid velocity sampled by particles and 𝑢𝑓 (𝑣∕𝑣∗ > 0) (green) only for particles moving
in the same direction of 𝑣∗. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
direction as their initial one, similarly to Wang and Maxey (1993).
This characteristic is even more noticeable when looking only at the
particles moving toward the turbulent core (𝑢𝑓 (𝑣∕𝑣∗ > 0)) that do not
sample any fluid velocity smaller than −0.5𝑣∗.

The same behaviour can be seen in Fig. 7b that reports the results
for 𝑃4𝑡. These particles settle into the turbulent core largely ‘‘avoid-
ing’’ parcels of fluid that move in the opposite direction, being the
probability that 𝑢𝑓 (𝑣∕𝑣∗ > 0)∕𝑣∗ < −1 occurs negligible. On the other
hand, 𝑃2𝑡 and 𝑃5𝑡 present PDFs of 𝑢𝑓 (𝐱𝑝) more similar to the whole
domain distribution, as reported in Fig. 7c–d. It seems that 𝑃1𝑡, 𝑃4𝑡
particles types do not possess enough inertia (as confirmed by their
relatively large ⟨𝜎⟩) to move through turbulent eddies and cross them
undisturbed, just like 𝑃 and 𝑃 , but they follow the flow.
7

2𝑡 5𝑡
Finally, it can be noticed that the PDFs are not symmetric and
the fluid with 𝑢𝑓∕𝑣∗ > 0 is more frequent. This fact depends on the
TNTI system construction: the fluid acquires large momentum when
near the turbulent forcing that pushes it away (hence 𝑢𝑓∕𝑣∗ ≪ 0),
and loses gradually momentum by thermal diffusion and kinetic energy
dissipation until it is forced again toward the source by the presence of
the stratification and other parcels of fluid that come from the turbulent
core.

5. Conclusions

Modelling the behaviour of inertial particles as they traverse stably
stratified fluids is fundamental in a wide variety of phenomena (Burd
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Fig. 8. Comparison of vertical profiles of 𝐹𝑆 (a,b,c) and vertical velocity (d,e,f), in linear stratification for different algorithms. Left column: Test A; central column: Test B; right
column: Test C, see Table A.3.
and Jackson, 2009; Kok, 2011; MacIntyre et al., 1995; Smith et al.,
1992; Turco et al., 1983). However, the motion through a stratified
TNTI remained to a large extent unexplored. In this study, we in-
vestigated experimentally and numerically the effect of stratification
and turbulence on Lagrangian trajectories of inertial particles across
a STNTI. The experiments are performed in refractive index match
conditions with the interface in a steady-state position. We use Particle
Tracking Velocimetry (3D-PTV) measurements, to get the 3D particle
time trajectories.

We observed for the first time, that spheres moving in a STNTI flow,
experience a stratification-driven force 𝐹𝑆 . Analogously to the quies-
cent stratified layers case, this additional force induces the particles to
slow down while crossing the turbulent/non-turbulent interfacial layer.

We propose a new parametric model with the additional force term
to the equation of motion based on the stratification effects. The ODE
system solves the particle-caudal wake coupling by adding 𝐹𝑆 as a
buoyancy force for the latter one and it also includes an expression
that describes the wake density evolution. Using this approach, we
reduce the limitations of previous studies and enable the integration of
Lagrangian trajectories in DNSs stratified fluids with non-trivial flows.
The new model is validated by comparing it with the experimental data
of quiescent stratified flow and a previous parametric model (Verso
et al., 2019).

Finally, the model is implemented in two STNTI DNSs: one gen-
erated by a convective forcing (with a boundary buoyancy flux), and
the other using a mechanical type of forcing (a vertically oscillating
grid). Despite the inability to match precisely all experimental flow
and particle conditions in the numerical simulations, this is an essential
step in our quest to gain deeper insight on the physics of the stratified
TNTI flow itself, and on the motion of inertial particles across it. The
key result is that the new force model applied to DNS results is able
to reproduce, for all sets of parameters, the effects of stratification
on particle motion. These effects lead to the minimum of the settling
velocity near the edge of the interface.

The model highlights clearly that turbulence affects the motion of
the numerical particles by shifting the location of the minimal velocity
of low inertia type. Moreover, the same particle species present a
growth of their vertical velocity when approaching the turbulent layer.
The effect, observed in the experimental data as well, is considered
related to the small inertia that causes the channelling into flow areas
with the same direction of the particles settling velocity.

The work presented here can serve as a springboard for future
studies to provide a more complete picture of the behaviour of particles
8

crossing density interfaces in complex flows. Particular attention should
be paid on the origins of the mechanisms presented here and related
both to stratification and turbulence. Hopefully more insights on the
caudal wake volume ‘‘attached’’ to the particle will be obtained so that
further reduction of input parameters may allow to develop a model
based only on first-principle theory. New studies should as well focus
on detailed inspection of the particle–fluid surroundings to understand
the dynamics and evolution of the first one through the interaction with
the flow. Finally, more data should be collected on particles settling
through different kinds of density interfaces to unify the many distinct
models currently available.
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Table A.3
Characteristics of test runs in linearly stratified flow.

Test A Test B Test C

𝑎∕𝑎𝑃1 0.5 0.5 1
𝜌𝑝∕𝜌

𝑃1
𝑝 1 1 1

𝛾𝑎∕𝜌𝑝 1.2510−4 7.110−5 8.110−5

𝐹𝑟𝐷 5.1 5.7 13.3

Appendix. Linear stratification

The new algorithm is tested in linearly stratified fluid and then
compared with two models (Yick et al., 2009; Doostmohammadi et al.,
2014) specifically developed for that stratification environment. These
models reproduce 𝐹𝑆 as an additional drag term as: 𝐅𝐒 = 0.5𝐶𝑆

𝐷𝜌𝑓𝐴𝑝
𝐯𝑟𝑒𝑙|𝐯𝑟𝑒𝑙.

The stratification-induced drag coefficient 𝐶𝑆
𝐷 is defined as: 𝐶𝑆

𝐷 =
.9𝐶𝐷𝑅𝑖1∕2 (Yick et al., 2009) and 𝐶𝑆

𝐷 = 0.67𝐶𝐷𝑅𝑖1∕2 (Doostmoham-
adi et al., 2014), being 𝑅𝑖 = 𝑅𝑒∕𝐹𝑟2 = 𝑎3𝑁2

𝐷𝑜𝑜𝑠𝑡∕𝜈𝑣 the Richardson
number and 𝑁𝐷𝑜𝑜𝑠𝑡 =

√

𝑔𝛾∕𝜌(𝑧0) the Brunt–Vaisala frequency.
The main results of the comparison are shown in Fig. 8. Three

runs are performed by varying the particle diameter 𝑎 and the fluid
density slope 𝛾 = |𝑑𝜌𝑓∕𝑑𝑧|, as reported in Table A.3. The Froude
number 𝐹𝑟𝐷𝑜𝑜𝑠𝑡 (used to retrieve 𝑉𝑐𝑤) is computed similarly to Doost-
mohammadi et al. (2014) as: 𝐹𝑟𝐷𝑜𝑜𝑠𝑡 = 𝑣𝑆𝑡∕𝑁𝐷𝑎, being 𝑣𝑆𝑡 = 𝑔𝑎2(𝜌𝑝 −
𝜌𝑓 (𝑧0))∕(18𝜈𝜌(𝑧0)) the Stokes velocity.

In Fig. 8a–c is presented the stratification force vertical profiles
scaled using the particle diameter. Differently from Yick et al. (2009)
and Doostmohammadi et al. (2014), in the new model 𝐹𝑆 is slower to
adjust to the surrounding flow. This is due to the initialization of 𝜏𝑐𝑟𝑜𝑠𝑠
and the caudal wake density, which is set to 𝜌𝑐𝑤 = 𝜌𝑓 (𝑡 = 0). When
𝑡 > 𝜏𝑐𝑟𝑜𝑠𝑠, the stratification force ‘‘forgets’’ the imposed initial conditions
and the three models have the same monotonic decreasing behaviour.
From the tests presented in Fig. 8a–c seems that our algorithm produce
a 𝐹𝑆 in-between the models of Doostmohammadi et al. (2014) and Yick
et al. (2009). The resulting vertical velocity, Fig. 8d–f, shows similar
profiles with Doostmohammadi et al. (2014) and Yick et al. (2009), in
particular when 𝑡 > 𝜏𝑐𝑟𝑜𝑠𝑠.
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