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Abstract In this work, Direct Numerical Simulations (DNS) of atmospheric con-
vective boundary layer flow is used to test various approaches to estimate turbulence
kinetic energy dissipation rate (EDR) ε from one-dimensional (1D) velocity signals.
Results of these estimates are compared with “true” DNS values of ε. We focus on
methods of EDR retrievals proposed recently in Wacławczyk et al. Atmos. Meas.
Tech. 10, 2017. We test these methods and show that they provide a valuable com-
plement to standard approaches. Another goal is to investigate how the presence of
anisotropy due to buoyancy affect the various retrieval techniques of ε.

1 Introduction

Mean EDR is an important quantity that characterizes small scales of turbulence. At
the same time our information on such scales in atmospheric turbulence is scarce.
Due to finite sampling frequency and measurement errors, velocity time series from
airbornemeasurements are characterized by effective spectral cut-off’s [2]. Addition-
ally, atmospheric flows in clouds and boundary layers are mostly inhomogeneous
and buoyant and may also include the co-existence of laminar and turbulent regions
called external intermittency. Hence, results of EDR retrieval are subject to errors.

EDR retrieval methods that are commonly used in the analysis of low and mod-
erate resolution velocity time series are based on the inertial range arguments that
follow from the Kolmogorov’s hypotheses (K41) [3]. In case the signals are fully
resolved, the variance of velocity fluctuation gradients can be calculated to estimate
ε. Alternatively, Sreenivasan et al. [7] proposed to use the zero-crossing approach,
which requires counting the number of times per unit length the velocity signal
crosses the zero threshold, denoted by Nl .
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Since Nl in signals with spectral cut-off are much smaller than in fully resolved
velocity signals, two possible modifications to the zero-crossing method were pro-
posed in [8]. First of themwas based on the successive filtering of the velocity signal.
The second approach was an analytical model to resolve the missing part of the spec-
trum by calculating a correcting factor to Nl so that the actual relation between ε

and Nl can be used. These approaches were validated on the data obtained during
the Physics of Stratocumulus Top (POST) research campaign [4] in [8] and on DNS
data of stratocumulus cloud-top in [1].

In this workwe consider yet another flow case, the atmospheric convective bound-
ary layer flow. The motivation is to investigate how the presence of anisotropy due
to buoyancy affect the various retrieval techniques of ε.

2 EDR Retrieval Methods

The EDR is defined as ε = 2〈si j si j 〉 where ν is the kinematic viscosity and si j =
1/2(u′

i, j + u′
j,i ), u

′
i denotes the i th component of velocity fluctuation vector. This

exact definition cannot be used to estimate ε in case only 1D intersections of turbulent
velocity field are available from experiments and/or themeasured velocity time series
have spectral cut-offs due to e.g. finite sampling frequency of a sensor.

Under the local isotropy assumption [3] a direct relation between EDR and the
longitudinal, or transverse Taylor microscale (λl or λn) can be used to estimate ε

from a single, e.g. longitudinal, fluctuating velocity component u′
l

ελ = 30ν〈u′2
l 〉/λ2

l , where λl = [2〈u′2
l 〉〈(∂u′

l/∂x)
2〉−1]1/2 and λn = λl/

√
2.

Another method for calculating EDR was proposed in [7] and is based on the
number of signals’ zero-crossings per unit length Nl . The zero-crossing, Liepmann
scale was defined as� = 1/πNl [7] , and it was assumed that�/λn ≈ 1. This allows
to estimate the EDR from εSR = 15π2ν〈u ′2

l 〉N 2
l .

In case only restricted range of wavenumbers is available from experiment the
Kolmogorov’s second similarity hypothesismust be used [3] to approximate ε. Under
the local isotropy assumption, the longitudinal and transverse energy spectra E11(k1)
and E22(k1) (k1 is the wavenumber) follow the −5/3 law in the inertial range

E11(k1) = αε
2/3
PS k−5/3

1 E22(k1) = α
′
ε
2/3
PS k−5/3

1 (1)

where α ≈ 0.49, α
′ ≈ 0.65 and εPS should approximate the EDR ε. Alternatively,

the profiles of the second and third order longitudinal structure functions D2(r) and
D3(r) can be used, where Dn = 〈(u′

l(x + r, t) − u′
l(x, t))

n〉 and u′
l is the longitudinal

component of velocity fluctuation. In the inertial subrange [3]

D2(r) = C2ε
2/3
D2

r2/3, D3(r) = −4

5
εD3r, (2)

where εD2 and εD3 are approximations of ε.
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In [8] two alternativemethods to estimate ε from the number of crossings based on
a restricted range of k-values were proposed. Themotivationwas to possibly increase
robustness of ε retrieval using different statistics. The first method was based on the
successive filtering of the signal. The EDR was estimated from

π2(〈u ′2
1 〉N 2

1 − 〈u ′2
i 〉N 2

i ) = 3αε
2/3
NC

(
k4/31 − k4/3i

)
, (3)

where 〈u ′2
i 〉 is the variance and Ni is the number of crossings per unit length of a

signal filtered with a cut off wave-number ki inside the inertial range. Filtering the
signal with a series of cut-off wave-number ki , allows to estimate εNC from (3).

The second method is based on recovering the missing (unresolved) part of the
spectrum. It requires assumption about the form of the spectrum in the inertial and
dissipative range. The number of crossings per unit length Ncut is calculated from the
measured signal u′

cut, where the fine-scale fluctuations have the highest wave number
kcut, which may be placed in the inertial or the dissipative range. It was proposed in
[8] to estimate EDR from

εNCR = 15π2ν〈u ′2
cut〉N 2

cutCF , (4)

where CF is a correcting factor described by the formula

CF = 1 +
∫ ∞
kcutβη

ξ 2
1

∫ ∞
k1

ξ−8/3 fη(ξ)
(
1 − ξ 2

1
ξ 2

)
dξdξ1

∫ kcutβη

0 ξ 2
1

∫ ∞
ξ1

ξ−8/3 fη(ξ)
(
1 − ξ 2

1
ξ 2

)
dξdξ1

, (5)

where η = (ν3/ε)1/4 is the Kolmogorov’s microscale and fη is a prescribed form of
the spectrum in the dissipative range. We compared different forms of fη in [1] and
found that the best results are obtained with the Pope’s model spectrum [6].

In order to calculate CF from (5) a value of η should first be specified, hence,
an iterative procedure was proposed in [8]. It starts with an initial guess of the TKE
dissipation rate, ε0. With this, the corresponding value of the Kolmogorov length
η0 is calculated and introduced into (5) for CF . The TKE dissipation rate after the
first iteration, ε1 is found from (4). The procedure can be repeated and after several
iterations it converges to the final value of εNCR which should approximate ε with an
error defined by a prescribed form �η = |ηn+1 − ηn| < dη.

3 Description of Free Convective Boundary Layer
Simulation

Different EDR retrieval techniques are tested onDNSdata of a dry, shear-free convec-
tive boundary layer CBL that grows into a linearly stratified atmosphere (cf. Fig. 1).
The flow is driven by a constant and homogeneous surface buoyancy flux B0, and



262 E. O. Akinlabi et al.

Fig. 1 Vertical cross section of the logarithm of the enstrophy in the convective boundary layer.
The horizontal bars at the side of the figures indicate a height equal to the CBL depth h and equal
to half of it

the buoyancy stratification of the free atmosphere is N 2, where N is the buoyancy
frequency. This configuration is representative of midday atmospheric conditions
over land.

After the initial conditions have been sufficiently forgotten, statistical properties
can be expressed as a function of the buoyancy Reynolds number Re0 = B0/(νN 2),
the normalized vertical distance to the surface z/h, and the normalized time t N . The
variable h(t) is defined as h � (2B0N−2t)1/2 and provides a measure of the CBL
depth.Theparameter L0 = (B0/N 3)1/2 is the referenceOzmidov scale andprovides a
measure of the thickness of transition layer at the top of the entrainment zone between
the turbulent boundary layer and the free atmosphere. The ratio h/L0 increases as
the CBL grows into the linearly stratified atmosphere. Beyond h/L0 � 10 − 15, the
CBL is in a quasi-steady regime.

We consider data from a simulationwith a buoyancyReynolds number Re0 = 117
and at a state of development h/L0 � 21.5. The number of grid points used in
the simulation are 5120 × 5120 × 1024, in the streamwise, spanwise and vertical
directions, respectively. Further details can be found in [5]. For the analysis presented
here we use five horizontal planes, namely, z ∈ {0.29h, 0.43h, 0.71h, 1.0h, 1.14h}.

4 Results

We first analysed one-dimensional spectra of different velocity components to check
whether the K41 hypothesis is satisfied with a good accuracy in the considered
flow case. We found that the inertial range scaling ∼k−5/3

1 can be best recognised
for the longitudinal spectra of horizontal velocity components u and v and for the
transverse spectra of the vertical velocity component w. In this latter case, however,
the proportionality constant again exceeds the isotropic value α′ = 0.65. Deviations
from theK41 scalingwere observed for the transverse spectra of u and v, where∼k−a

1
or∼k−b

1 scaling, with a and b smaller than 5/3, was found. Similar observations were
reported in [1] in the case of stratocumulus cloud in the core, buoyancy-driven section
of the cloud. This allows us to conclude that the deviations from K41 theory follow
from the anisotropy of the flow due to buoyancy. As we expect, the EDR estimates
based on atmosphericmeasurementsmay also be biased due to these effects, similarly
as results presented in this paper.
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Table 1 Values of EDR calculated at horizontal plane z = 1.0h, where εDNS/B0 = 0.26. The first
fitting ranges seemed optimal for power spectra, the second—for structure functions

εSR
B0

�/λn
ελ

B0
k-fitting
range

εPS
B0

εNC
B0

k-fitting
range

εPS
B0

εNC
B0

εD2
B0

εD3
B0

u in x 0.16 1.21 0.24 38–71 0.28 0.24 12–20 0.22 1.2 0.18 0.10

v in y 0.18 1.16 0.24 38–71 0.28 0.22 12–20 0.22 1.2 0.18 0.09

u in y 0.14 1.27 0.24 63–126 0.30 0.20 20–33 0.18 0.9 0.16

v in x 0.16 1.20 0.24 63–126 0.30 0.26 20–30 0.18 1.2 0.16

w in x 0.18 1.18 0.26 10–20 0.30 0.34 12–20 0.32 0.22

w in y 0.18 1.16 0.26 10–20 0.34 0.32 12–20 0.32 0.22

Fig. 2 EDR estimates of
free convective boundary
layer simulation calculated
from (1)–(4) as a function of
vertical coordinate. Fitting
ranges were estimated based
on D2. εDNS denotes the
exact, DNS value of EDR
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Table 1 presents values of ε calculated using different EDR retrieval techniques
described in Sect. 2 at horizontal plane z = 1.0h. Results were averaged in the homo-
geneous directions x or y. We observe a large deviation from unity of the�/λn ratio,
which could be caused by strong non-Gaussianity of velocity derivatives or low-Re
effects. As a result, εSR are underestimated. We found εPS strongly depends on the
chosen range of k values where the line k−5/3

1 is fitted. The same is true for other esti-
mates. The first fitting range in Table 1 seemed to be optimal for the power spectra,
the second—for the structure functions. Moreover, we observe that estimates from
the vertical velocity component w differ from the remaining estimates.

Results of EDRestimateswith differentmethods, averaged over horizontal signals
(u in x , v in y, u in y, v in x) are presented in Fig. 2. We took fitting ranges that
result form D2 function. As it is seen, εD3 and εD2 , which are standard method of ε

retrieval, are much underpredicted as compared to εDNS. To calculate εNC and εNCR
the DNS signal was first low-pass filtered with the use of the 6th order Butterworth
filter (Matlab software). In case of εNCR, the cut-off wavenumber kcut was placed in
the inertial range, see (4) and (5), and we used the Pope’s model for fη [6].We found,
the �/λn ratio changes with cut-off wavenumber and is closer to 1 in the inertial
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range, hence εNC and εNCR compare better with εDNS then εSR. In order to estimate
εNCR we apply the iterative procedure shortly summarised in Sect. 2. Independently
of the initial guess of η0 the procedure always converged to the same value of εNCR
before the 10th iteration for dη = 10−8.

5 Conclusions

In this work, we investigated different EDR retrieval techniques on DNS data of
convective boundary layer. Although the high Re numbers observed in nature could
not be reached in the DNS, we can still test model assumptions and draw conclusions
applicable also to “real-world” flows. We observed flow anisotropy due to buoyancy
and, similarly as in [1], we found that estimates from horizontal velocity components
compare betterwith εDNS.We showed that estimates fromnumber of crossingmethod
proposed in [8] compare very well with εDNS. In the considered flow case, the largest
discrepancies were observed for estimates based on structure functions.

A perspective for a further study is to test performance of the EDR retrieval
techniques on a larger set of experimental data of atmospheric flows.
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